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FALTINGS’ FINITENESS DIMENSION OF LOCAL COHOMOLOGY
MODULES OVER LOCAL COHEN-MACAULAY RINGS
KAMAL BAHMANPOUR AND REZA NAGHIPOUR∗
Abstract. Let (R,m) denote a local Cohen-Macaulay ring and I a non-nilpotent ideal
of R. The purpose of this article is to investigate Faltings’ finiteness dimension fI(R) and
equidimensionalness of certain homomorphic image of R. As a consequence we deduce
that fI(R) = max{1, ht I} and if mAssR(R/I) is cotained in AssR(R), then the ring
R/I + ∪n≥1(0 :R In) is equidimensional of dimension dimR − 1. Moreover, we will
obtain a lower bound for injective dimension of the local cohomology module Hht II (R),
in the case (R,m) is a complete equidimensional local ring.
1. Introduction
Throughout this paper, let R denote a commutative Noetherian ring (with identity)
and I an ideal of R. For an R-module L, the ith local cohomology module of L with
respect to I is defined as
H iI(L) = lim−→
n≥1
ExtiR(R/I
n, L).
We refer the reader to [6] or [3] for more details about local cohomology.
For any finitely generated R-module M , the notion fI(M), the finiteness dimension
of M relative to I, is defined to be the least integer i such that H iI(M) is not finitely
generated, if there exist such i’s and ∞ otherwise, i.e.
fI(M) := inf{i ∈ N0|H iI(M) is not finitely generated}.
Our objective in this paper is to investigate the finiteness dimension fI(R), when R is
a local Cohen-Macaulay ring. More precisely, as a main result we shall show that:
Theorem 1.1. Let (R,m) be a Cohen-Macaulay local ring and I a non-nilpotent ideal of
R. Then fI(R) = max{1, ht I}.
One of our tools for proving Theorem 1.1 is the following, which will play a key role in
the proof of that theorem.
Proposition 1.2. Let (R,m) be a Cohen-Macaulay local ring and let X and Y be non-
empty subsets of AssR(R) such that AssR(R) = X ∪Y and X ∩Y = ∅. Then R/(I+J) is
an equidimensional local ring of dimension dimR− 1, where I = ∩p∈X p and J = ∩p∈Y p .
Key words and phrases. Cohen Macaulay ring, equidimensional ring, finiteness dimension, local
cohomology.
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Recall that a Noetherian ring R, of finite Krull dimension d, is called equidimensional
if dimR/ p = d for every minimal prime ideal p of R. As an another main result, we shall
show that:
Theorem 1.3. Let (R,m) be a Cohen-Macaulay local ring and let I be a non-nilpotent
ideal of R such that mAssR(R/I) ⊆ AssR(R). Then R/(I + ∪n≥1(0 :R I
n)) is an equidi-
mensional local ring of dimension dimR− 1.
In [7], Hartshorne and Speiser, proved that if (R,m, k) is a regular local ring, con-
tains a field of characteristic p > 0, and H iI(R) is supported only at the maximal ideal,
then HomR(k,H
i
I(R) is a finitely generated R-module and, moreover, H
i
I(R) is injec-
tive. Also, Huneke and Sharp in [8] made a remarkable breakthrough. They generalized
Hartshorne-Speiser’s result by proving that if R is any regular ring containing a field
of characteristic p > 0, then inj dimH iI(R) ≤ dimSuppH
i
I(R), where inj dimH
i
I(R) de-
notes the injective dimension of H iI(R) and dimSuppH
i
I(R) stands for the dimension
of the support of H iI(R) in SpecR. Finally, in [9], Lyubeznik generalized the above-
mentioned result of Hartshorne-Speiser by proving that if R is any regular ring contain-
ing a field of characteristic zero and Y ⊆ SpecR is a locally closed subscheme, then
inj dimH iY (R) ≤ dimSuppH
i
Y (R).
As a final main result, we able to obtain a lower bound for the injective dimension of
the local cohomology module Hht II (R), in the case (R,m) is a complete equidimensional
local ring. More precisely, we show that:
Theorem 1.4. Let (R,m) be a complete local equidimensional ring and I an ideal of R.
Then inj dimHht II (R) ≥ dimR−ht I. In particular, if R is a regular local ring containing
a field, then inj dimHht II (R) = dimR− ht I.
Finally, we will end the paper with an example, which shows that Theorem 1.4 does
not hold in general.
For each R-module L, we denote by AsshR(L) (resp. mAssRL) the set {p ∈ AssR(L) :
dimR/p = dimL} (resp. the set of minimal primes of AssR L). Also, the set of all
zerodivisors on L is denoted by ZR(L). For any ideal b of R, the radical of b, denoted
by Rad(b), is defined to be the set {x ∈ R : xn ∈ b for some n ∈ N} and we denote
{p ∈ Spec(R) : p ⊇ b} by V (b). Finally, for any ideal b of R, the cohomological dimension
of an R-module M , with respect to b is defined as
cd(b,M) := sup{i ∈ Z : H ib(M) 6= 0}.
For any unexplained notation and terminology we refer the reader to [3] and [12].
2. The Results
The following lemmas will be quite useful in the proof of the main results. Follow-
ing D := HomR(•, ER(R/m)) (resp. ωR) denotes the Matlis duality functor (resp. the
canonical module for R) (see [4, 3.3].
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Lemma 2.1. Let (R,m) be a local Noetherian ring and M a finitely generated R-module.
Let p be a prime ideal of R such that dimR/p = 1 and let t ≥ 1 be an integer. Then
H tm(M) is p-cofinite if and only if (H
t−1
p (M))p = 0.
Proof. See [1, Lemma 2.1]. 
Lemma 2.2. Let (R,m) be a Cohen-Macaulay local ring of dimension d. Then the R-
module Hdm(R) is indecomposable.
Proof. Without loss of generality, we may assume that R is a complete Cohen-Macaulay
local ring. Now, we suppose the contrary and we look for a contradiction. Let
Hdm(R) = A ⊕ B, where A and B are two non-zero Artinian R-modules. Then we
have ωR ∼= D(A) ⊕ D(B), where ωR denotes the canonical module of R. So as the
R-module ωR is indecomposable, it follows that D(A) = 0 or D(B) = 0. Hence A = 0 or
B = 0, which is a contradiction. 
The following result will be useful in the proof of the main results in this section.
Theorem 2.3. Let (R,m) be a Cohen-Macaulay local ring and let X and Y be non-empty
subsets of AssR(R) such that AssR(R) = X ∪ Y and X ∩ Y = ∅. Set
I := ∩p∈X p and J := ∩q∈Y q .
Then R/(I + J) is an equidimensional local ring of dimension dimR − 1.
Proof. It follows from the hypothesis X ∩ Y = ∅ that ht(I + J) ≥ 1. Now, we show that
ht(I + J) = 1. To do this, suppose the contrary is true. Then there exists a minimal
prime ideal p over I + J such that ht p := n > 1. Since AssR(R) = X ∪ Y it follows that
I ∩ J = nil(R), and so I ∩ J is a nilpotent ideal of R. Therefore
Hn−1I∩J (R) = 0 = H
n
I∩J(R).
Now, in view of the Mayer-Vietoris sequence (see e.g., [3, Theorem 3.2.3]) we obtain the
isomorphism
HnI+J(R)
∼= HnI (R)⊕H
n
J (R).
Therefore
HnpRp(Rp) = H
n
(I+J)Rp(Rp)
∼= HnIRp(Rp)⊕H
n
JRp(Rp).
Now, using Lemma 2.2, we deduce that
HnpRp(Rp)
∼= HnIRp(Rp) or H
n
pRp(Rp)
∼= HnJRp(Rp).
Consequently, in view of [13, Proposition 5.1], HnpRp(Rp) is an IRp or JRp-cofinite Rp-
module. Next, as ht p > 1, it is easy to see that there exists a prime ideal q ∈ V (I) or
q ∈ V (J) such that q ⊆ p and ht p/q = 1. Now, using [13, Proposition 4.1], one easily sees
that the Rp-module H
n
pRp(Rp) is qRp-cofinite. Therefore, it follows from Lemma 2.1 that
Hn−1qRq (Rq) = 0. On the other hand, as R is catenary, it follows that ht p/q = ht p− ht q,
and so
ht q = ht p− 1 = n− 1.
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Hence in view of Grothendieck’s non-vanishing theorem we have Hn−1qRq (Rq) 6= 0, which is
a contradiction. Therefore ht p = 1, and so ht(I + J) = 1. Now, as R is Cohen-Macaulay,
it follows easily that R/(I + J) is an equidimensional ring of dimension dimR − 1, as
required. 
Corollary 2.4. Let (R,m) be a Cohen-Macaulay local ring and let x1, . . . , xt be an R-
regular sequence. Let X and Y be non-empty subsets of AssR(R/(x1, . . . , xt)) such that
AssR(R/(x1, . . . , xt)) = X ∪ Y and X ∩ Y = ∅. Set
I := ∩p∈X p and J := ∩q∈Y q .
Then R/(I + J) is an equidimensional local ring of dimension dimR − t− 1.
Proof. Since R/(x1, . . . , xt) is a Cohen-Macaulay local ring, the assertion follows easily
from Theorem 2.3. 
Lemma 2.5. Let R be a Noetherian ring and I an ideal of R such that cd(I, R) = n > 0.
Then the R-module HnI (R) is not finitely generated.
Proof. Since by the definition we have HnI (R) 6= 0, it follows that SuppH
n
I (R) 6= ∅. Let
p ∈ SuppHnI (R). Then it is easy to see that cd(IRp, Rp) = n > 0. So replacing of the
ring R with the local ring (Rp, pRp), we may assume that (R,m) is a Noetherian local
ring and I is an ideal of R such that cd(I, R) = n > 0. Then using [3, Exercise 6.1.8] and
Grothendieck’s vanishing theorem we have:
HnI (R)/mH
n
I (R)
∼= HnI (R)⊗R R/m
∼= HnI (R/m) = 0.
Therefore, HnI (R) = mH
n
I (R) and hence using Nakayama’s lemma we can deduce that
the R-module HnI (R) is not finitely generated. 
We are now in a position to state and prove the first main result of this paper, which
investigates the finiteness dimension fI(R) over a Cohen-Macaulay local ring.
Theorem 2.6. Let (R,m) be a Cohen-Macaulay local ring and I a non-nilpotent ideal of
R. Then
fI(R) = max{1, ht I}.
Proof. To prove there are two cases to consider:
Case 1. Suppose that ht I = 0. Put
X := AssR(R) ∩ V (I) and Y := AssR(R)\V (I).
Let J := ∩p∈X p and K := ∩q∈Y q. Since I is not nilpotent it follows that Y 6= ∅. Also,
as ht I = 0, it follows that X 6= ∅. Moreover, it is easy to see that AssR(R) = X ∪ Y .
Hence, in view of the proof of Theorem 2.3, we have ht(J + K) = 1. Therefore, there
exists a minimal prime ideal p over J +K such that ht p = 1. Since K ⊆ p, there exists
an ideal q ∈ Y such that q ⊆ p. As I ⊆ J ⊆ p, it follows that I + q ⊆ p. Moreover,
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as I 6⊆ q it follows that ht(I + q) > 0. Therefore, ht(I + q) = ht p = 1. Thus, p
is a minimal prime ideal over I + q and so IRp + qRp is a pRp-primary ideal. Hence,
by Grothendieck’s non-vanishing theorem we have H1IRp(Rp/ qRp) 6= 0. Consequently,
it follows from Grothendieck’s vanishing theorem that cd(IRp, Rp/ qRp) = 1. Now, as
Supp(Rp/ qRp) ⊆ SpecRp, it follows from [5, Theorem 2.2] that
cd(IRp, Rp) ≥ cd(IRp, Rp/ qRp) = 1.
By using Grothendieck’s vanishing theorem we can deduce that cd(IRp, Rp) = 1 and so by
Lemma 2.5 the Rp-module H
1
IRp(Rp)
∼= (H1I (R))p is not finitely generated. In particular,
the R-module H1I (R) is not finitely generated. Now, as the R-module H
0
I (R) is finitely
generated, it follows that
fI(R) = 1 = max{1, 0} = max{1, ht I},
as required.
Case 2. Now suppose that ht I = n ≥ 1. Then we have grade I = n and so in view
of [3, Theorem 6.2.7], fI(R) ≥ n. Moreover, by the definition there exists a minimal
prime ideal q over I such that ht q = n. Hence, in view of Grothendieck’s vanishing and
non-vanishing theorems we have
cd(IRq, Rq) = cd(qRq, Rq) = n.
Thus, by Lemma 2.5, the Rq-module H
n
IRq(Rq)
∼= (HnI (R))q is not finitely generated. In
particular, the R-module HnI (R) is not finitely generated. Hence in view of the definition
we have
fI(R) = n = max{1, n} = max{1, ht I},
and this completes the proof. 
The next theorem is the second main result of this paper.
Theorem 2.7. Let (R,m) be a Cohen-Macaulay local ring and let I be a non-nilpotent
ideal of R such that mAssR(R/I) ⊆ AssR(R). Then R/(I +ΓI(R)) is an equidimensional
local ring of dimension dimR− 1.
Proof. Since I is not nilpotent, it is clear that ΓI(R) ⊆ ZR(R) and so it follows from [12,
Theorem 17.4] that dimR/ΓI(R) = dimR. Moreover, as
AssR(R/ΓI(R)) = AssR(R) \ V (I),
it follows that I contains an R/ΓI(R)-regular element x, and so
dimR/(xR + ΓI(R)) = dimR/ΓI(R)− 1.
Hence dimR/(I + ΓI(R)) ≤ d− 1.
Next, in view of the Artin-Rees lemma there exists a positive integer s such that
Is ∩ ΓI(R) = 0 and so
Hn−1Is∩ΓI(R)(R) = 0 = H
n
Is∩ΓI(R)
(R).
Hence, the Mayer-Vietoris sequence (see e.g., [3, Theorem 3.2.3]) yields the isomorphism
HnI+ΓI(R)(R) = H
n
Is+ΓI(R)
(R) ∼= HnIs(R)⊕H
n
ΓI (R)
(R) ∼= HnI (R)⊕H
n
ΓI(R)
(R).
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Now, suppose that p is a minimal prime ideal over I + ΓI(R) such that ht p = n > 1.
Then, as p is minimal over I + ΓI(R) we get the following isomorphism
HnpRp(Rp)
∼= HnIRp(Rp)⊕H
n
ΓIRp
(Rp).
Now, using Lemma 2.2, we deduce that
HnpRp(Rp)
∼= HnIRp(Rp) or H
n
pRp(Rp)
∼= HnΓIRp(Rp)(Rp).
Assume that HnpRp(Rp)
∼= HnIRp(Rp). Then, in view of [13, Proposition 5.1], H
n
pRp(Rp)
is an IRp-cofinite Rp-module. Next, as ht p > 1 and mAssR(R/I) ⊆ AssR(R), it is easy
to see that there exists a prime ideal q ∈ V (I) such that q ⊆ p and ht p/q = 1. Now,
using [13, Proposition 4.1], it follows easily that the Rp-module H
n
pRp
(Rp) is qRp-cofinite.
Therefore, it follows from Lemma 2.1 that Hn−1qRq (Rq) = 0. On the other hand, as R is
catenary, it follows that ht p/q = ht p− ht q, and so
ht q = ht p− 1 = n− 1.
Hence in view of Grothendieck’s non-vanishing theorem we have Hn−1qRq (Rq) 6= 0, which is
a contradiction.
Now, assume that HnpRp(Rp)
∼= HnΓIRp(Rp)(Rp). Then, again using the fact that
AssR(R/ΓI(R)) = AssR(R)\V (I) ⊆ AssR(R),
and repeating the above argument we derive a contradiction. Therefore ht p = 1, and so
ht(I + ΓI(R)) = 1. Now, as R is Cohen-Macaulay, it follows easily that R/(I + ΓI(R)) is
an equidimensional local ring of dimension dimR− 1, as required. 
Corollary 2.8. Let (R,m) be a Cohen-Macaulay local ring and let A be a non-empty
proper subset of AssR(R).Then R/(I+ΓI(R)) is an equidimensional local ring of dimension
dimR− 1, where I = ∩p∈A p.
Proof. The assertion follows easily from Theorem 2.7. 
Proposition 2.9. Let (R,m) be a Cohen-Macaulay local ring and let AssR(R) =
{p1, . . . , pn}, n ≥ 2. Let Aj = AssR(R)\{pj} and Ij = ∩p∈Aj p, for all 1 ≤ j ≤ n.
Then 0 = ∩nj=1ΓIj(R) is the unique reduced primary decomposition of the zero ideal 0 in
R, ΓIj(R) is a pj-primary ideal of R and R/(Ij +ΓIj(R)) is an equidimensional local ring
of dimension dimR− 1.
Proof. As
AssR(R/ΓIj(R)) = AssR(R)\V (Ij) = {pj},
it follows that ΓIj(R) is a pj-primary ideal of R. Now, we show that ∩
n
j=1ΓIj(R) = 0. To
this end, we assume that ∩nj=1ΓIj(R) 6= 0 and derive a contradiction. Let a ∈ ∩
n
j=1ΓIj (R)
be such that a 6= 0. Then (0 :R a) ⊆ ZR(R), and so there exists pj ∈ AssR(R) such
that (0 :R a) ⊆ pj. Next, as a ∈ ΓIj(R) it follows that there exists a positive integer k
such that Ikj ⊆ (0 :R a) ⊆ pj , and so Ij ⊆ pj . Therefore, there exists pi ∈ Aj such that
FALTINGS’ FINITENESS DIMENSION OF LOCAL COHOMOLOGY MODULES 7
pi $ pj, which is a contradiction, (note that AssR(R) = mAssR(R)). Now, using [12,
Theorem 6.8] we see that pj-primary component ΓIj(R) of the zero ideal 0 of R is uniquely
determined. That is, 0 = ∩nj=1ΓIj(R) is the unique reduced primary decomposition of the
zero ideal 0 in R. Moreover, it follows from Corollary 2.8 that the ring R/(Ij + ΓIj (R))
is equidimensional local of dimension dimR− 1. 
The following lemma is needed in the proof of Theorem 2.11.
Lemma 2.10. Let (R,m) be a local ring and M an arbitrary R-module. Let x be an
element of m such that x 6∈
⋃
p∈AssR(M)\V (m)
p. Then ΓRx(M) = Γm(M).
Proof. As x ∈ m, it is enough to show that ΓRx(M) ⊆ Γm(M). To do this, let w ∈ ΓRx(M).
Then x ∈ Rad(0 :R w). Since mAssR R/(0 :R w) ⊆ AssR(M), it follows from the assump-
tion x 6∈
⋃
p∈AssR(M)\V (m)
p that Rad(0 :R w) = m, and so there exists n ∈ N such that
mn w = 0. Thus w ∈ Γm(M), as required. 
The following theorem is in preparation for the third main result of this paper, which
gives us a lower bound of injective dimension of Hht II (R). Here DI(R) denotes the ideal
transform of R with respect to I (see [3, 2.2.1]).
Theorem 2.11. Let (R,m) be a complete local equidimensional ring of dimension d and
I an ideal of R such that ht I = t. Then Hd−tm (H
t
I(R)) 6= 0. In particular,
inj dimH tI(R) ≥ d− t.
Proof. As R is catenary, it follows from [12, Lemma 2, P. 250] that
ht J + dimR/J = dimR,
for every ideal J of R. In particular, we have dimR/I = d− t. We now use induction on
d− t. When d = t, the ring R/I is Artinian and so Rad(I) = m. Hence H tI(R) = H
t
m(R)
and so as H0m(H
t
I(R)) = H
t
m(R), the assertion follows from Grothendieck’s non-vanishing
theorem (see [3, Theorem 6.1.4]) in this case.
Assume, inductively, that d − t > 0 and that the result has been proved for the ideals
J with dimR/J = 0, 1, . . . , d− t− 1. Since the sets AssR(H
t
I(R)) and AssR(H
t+1
I (R)) are
countable, it follows from [11, Lemma 3.2] that
m * (
⋃
p∈AssR(H
t
I
(R))\V (m)
p)
⋃
(
⋃
p∈AssR(H
t+1
I
(R))\V (m)
p)
⋃
(
⋃
p∈AsshR(R/I)
p).
Whence, there exists x ∈ m such that
x 6∈ (
⋃
p∈AssR(H
t
I
(R))\V (m)
p)
⋃
(
⋃
p∈AssR(H
t+1
I
(R))\V (m)
p)
⋃
(
⋃
p∈AsshR(R/I)
p).
Then it follows easily from x 6∈
⋃
p∈AsshR(R/I)
p that
dimR/(I +Rx) = d− t− 1,
and in view of Lemma 2.10 we have
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ΓRx(H
t
I(R)) = Γm(H
t
I(R)) and ΓRx(H
t+1
I (R)) = Γm(H
t+1
I (R)).
Moreover, there is an exact sequence
0 −→ H1Rx(H
t
I(R)) −→ H
t+1
I+Rx(R) −→ H
0
Rx(H
t+1
I (R)) −→ 0, (†)
(see [14, Corollary 3.5]).
Now, if dimR/I = 1 then in view of [2, Theorem 2.6] the R-module H tI(R) = H
d−1
I (R)
is I-cofinite. Next, it is easy to see that dimSuppHd−1I (R) = 1, note that dimR/I = 1.
Hence, it follows from [10, Theorem 2.9] that H1m(H
d−1
I (R)) 6= 0, and so the result has
been proved in this case. Therefore, we assume that dimR/I ≥ 2. Then
dimR/(I +Rx) = d− t− 1 ≥ 1,
and so in view of Grothendieck’s vanishing theorem
Hd−t−1m (Γm(H
t+1
I (R))) = 0.
Hence by using the exact sequence (†) we obtain the following exact sequence
Hd−t−1m (H
1
Rx(H
t
I(R))) −→ H
d−t−1
m (H
t+1
I+Rx(R)) −→ 0.
Thus by the inductive hypothesis Hd−t−1m (H
1
Rx(H
t
I(R))) 6= 0.
On the other hand, since d− t > 0, it yields that
Hd−tm (H
t
I(R))
∼= Hd−tm (H
t
I(R)/Γm(H
t
I(R))).
Now, let T := H tI(R)/Γm(H
t
I(R)). It is thus sufficient for us to show that H
d−t
m (T ) 6= 0.
To do this, in view of [3, Remark 2.2.17], there is the exact sequence
0 −→ T −→ DRx(T ) −→ H
1
Rx(T ) −→ 0. (††)
Also, in view of [3, Theorem 2.2.16], we have DRx(T ) ∼= Tx, and so
DRx(T )
x
−→ DRx(T ),
is an R-isomorphism. Therefore, for all i ≥ 0,
H im(DRx(T ))
x
−→ H im(DRx(T )),
is an R-isomorphism, and hence H im(DRx(T )) = 0, for all i ≥ 0. Consequently, it follows
from the exact sequence (††) that
Hd−tm (T )
∼= Hd−t−1m (H
1
Rx(T )).
As Hd−t−1m (H
1
Rx(T )) 6= 0, this completes the inductive step. 
Corollary 2.12. Let (R,m) be a Cohen-Macaulay local ring of dimension d and I an ideal
of R such that ht I = t. Then Hd−tm (H
t
I(R)) 6= 0. In particular, inj dimH
t
I(R) ≥ d− t.
Proof. Let Rˆ denote the completion of R with respect to the m-adic topology. Then, as
(Rˆ,mRˆ) is a complete local equidimensional ring of dimension d, the assertion follows
from Theorem 2.11, the faithfully flatness of the homomorphism R −→ Rˆ and the fact
that
ht I = grade I = grade IRˆ = ht IRˆ.
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
Lemma 2.13. Let (R,m) be a regular local ring containing a field and I an ideal of R.
Then, for any integer n with HnI (R) 6= 0,
inj dimHnI (R) ≤ dimSuppH
n
I (R).
Proof. The result follows from [8] and [9]. 
Corollary 2.14. Let (R,m) be a regular local ring containing a field and I an ideal of R
such that ht I = t. Then
inj dimH tI(R) = dimR− t.
Proof. In view of Corollary 2.12 and Lemma 2.13, it is enough to show that
dimSuppH tI(R) = dimR− t.
To this end, as SuppH tI(R) ⊆ V (I) and dimR/I = dimR− t, we have
dimSuppH tI(R) ≤ dimR − t.
On the other hand, since ht I = t there exists a minimal prime p over I such that ht p = t.
Now, in view of [3, Theorems 4.3.2 and 6.1.4] we deduce that
(H tI(R))p
∼= H tIRp(Rp)
∼= H tpRp(Rp) 6= 0.
Thus p ∈ SuppH tI(R), and so as dimR/ p = dimR− t, it follows that
dimSuppH tI(R) ≥ dimR − t.
This completes the proof. 
We end the paper with the following example, which shows that Corollary 2.14 does
not hold in general.
Example 2.15. Let (R,m) be a regular local ring containing a field with dimR = d ≥ 3,
p a prime ideal of R such that dimR/ p = 1 and x ∈ m \ p. Then inj dimHdimR−1Rx∩p (R) = 0,
and dimSuppHdimR−1Rx∩p (R) = 1.
Proof. Since Rad(p+Rx) = m, it follows from the Mayer-Vietoris sequence (see e.g., [3,
Theorem 3.2.3]) that
0 −→ Hd−1p (R) −→ H
d−1
x p (R) −→ H
d
m(R) (†††)
is an exact sequence. Since, in view of the proof of Corollary 2.14, dimSuppHd−1p (R) = 1
and Hdm(R) is Artinian, it follows that dimSuppH
d−1
x p (R) = 1.
On the other hand, the exact sequence
0 −→ R
x
−→ R −→ R/xR −→ 0
induces the exact sequence
Hd−2x p (R/xR) −→ H
d−1
x p (R)
x
−→ Hd−1x p (R) −→ H
d−1
x p (R/xR).
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Since Γx p(R/xR) = R/xR and d ≥ 3, it follows that
Hd−2x p (R/xR) = 0 = H
d−1
x p (R/xR).
Therefore, the R-homomorphism
Hd−1x p (R)
x
−→ Hd−1x p (R)
is an isomorphism, and so (Hd−1x p (R))x
∼= Hd−1x p (R).
On the other hand, from the exact sequence (†††), we have
(Hd−1x p (R))x
∼= (Hd−1p (R))x.
Moreover, the exact sequence
0 −→ Hd−1p (R) −→ ER(R/ p) −→ ER(R/m),
implies that
(Hd−1p (R))x
∼= (ER(R/ p))x ∼= ER(R/ p).
Therefore Hd−1x p (R)
∼= ER(R/ p), and so inj dimH
d−1
x p (R) = 0, as required. 
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